INTRODUCTION
In this article we apply equivalence theorems for categories of modules Ž . Indeed let P, Q g Mod-R and T s End P , and assume that P be- is an isomorphism in Mod-R. In particular we prove that this holds iff ⌿ M Ž . Ž . is an isomorphism for every M g Gen Q and P is flat iff Q s R T R Ž .
n P and P generates all submodules of P for every n g N, n ) 0.
R R R
Let now H be a Hopf algebra over a field k, let A be a right H-comodule algebra, let D be a right H-module coalgebra, and consider the category Ž . D Ž .
M M H
of right D y A -Hopf modules, i.e., of those D-comodules which Ž . these two structures are compatible see Section 3.1 . The starting point Ž . for applying the previous result in this setting is that see Lemma 3.9 Ž is an isomorphism, i.e., iff A ; A is a right Hopf᎐Galois extension.
x In this way we get Theorem 3.27, which characterizes right Hopf᎐Galois extensions A ; A such that A is flat, using the structure of A as a left
A ࠻ D *-module. In particular it is shown that these extensions are exactly H w x those for which the weak structure theorem in the sense of 7 holds. Also Theorem 3.27 enables us to apply the well-known Fuller theorem on Ž . equivalences of modules see Theorem 2.5 in our setting. Thus we get Theorem 3.29, which characterizes right Hopf᎐Galois extensions A ; A x such that A is faithfully flat. In particular we prove that this holds iff We have made some efforts to get a paper that even someone not acquainted with Hopf algebra theory could read. Toward this end we have inserted some details that a Hopf-algebra expert would skip.
The main results of this article were presented at the AMS-BENELUX meeting, held in May 1996 at Antwerp, Belgium.
PRELIMINARIES

2.1
Throughout this article, all rings have a nonzero identity and all modules Ž . are unital. Let R be a ring, P a right R-module. We denote by Gen P R R Ž . the full subcategory of Mod-R generated by P . The objects of Gen P R R are the right R-modules M which are generated by P , i.e., such that 
Ž .
n a For e¨ery n g N, n ) 0, P generates all submodules of P .
is an isomorphism in Mod-R.
e P is flat and the functor Ž .
is an isomorphism in Mod-R and P is flat. where denotes the canonical projection, we get the following exact sequence:
By the flatness of P, we obtain the following exact sequence: 
Ž . where ⌿ and ⌿ are isomorphisms as both N and NrM g Gen Q . 
Ž . is an isomorphism for e¨ery M g P and
is an isomorphism for e¨ery N g Mod-T.
Ž . Ž . e ⌿ is an isomorphism for e¨ery M g P and P is faithfully
Ž .
X f ⌿ and ⌿ are isomorphisms for e¨ery M F P and e¨ery
is quasiprojecti¨e and generates each of its submodules, P is a R T
Ž . weak generator, and T ( End
Ž . h P is a quasiprogenerator and T ( End P canonically.
Ž . Ž . Ž . a m b m c follow by adjoint properties of Hom P, y and
Ž . g « e and g « f By Lemma 2.2 in 8 we get P s Gen P R R w x so that, by Lemma 2.1 in 8 , P is flat and hence faithfully flat, being a T Ž .
Ž . Ž . Ž . w x weak generator. Now apply d « c and d « b of Theorem 2.6 in 8 .
Ž . Ž . e « i Since ⌿ is an isomorphism and P is faithfully flat it is easy P T Ž . and straightforward to prove that the canonical morphism T ª End P is R bijective.
We recall now the celebrated Morita theorem.
Ž . a P is a faithful quasiprogenerator; P is finitely generated.
c P is a progenerator and P is faithfully balanced.
R is an equi¨alence. w x Proof. See 12, Theorems 3.2 and 3.4 .
MAIN RESULTS
3.1
Let H be a Hopf algebra over the field k with comultiplication ⌬, counit , and antipode S. Let A be a right H-comodule algebra with coH Ä < Ž . 4 Ž w x structure map , and let B s A s a g A a s a m 1 see 11 for
A . an explanation and definition . Recall that a right H-module coalgebra is a coalgebra D together with a right H-module structure : 
it is easy to prove that : 1 1 w x Note that this is exactly the smash product introduced in 6 . 
DEFINITION. Let
is a ring isomorphism.
Proof. Using the following equalities
which hold for every h, g g H and ␥ , g H *, as it is easily checked, it is straightforward to prove that ⌳ is a ring morphism. Now it is easy to prove that
Ž .Ž .
Using these equalities it can be proved that
Ž . 
Ž . D M can be regarded as an object of M M H
via . We will denote this
In the following for a given M g M M H we will simply write M instead of A M , whenever no confusion will arise.
In the particular case where D s H and x s 1 , M will be denoted by
THEOREM. Let A a right H-comodule algebra, D a right H-module coalgebra, and x g D a grouplike element. Then
Ž . Ž . D 1 For e¨ery M g M M H , A : Hom A, M ª M A࠻D* Ž . M x H f ¬ f 1
Ž .
A is an isomorphism and its in¨erse is
A-module and is an isomorphism of right A -modules.
Ž .
A Note that the first equality holds as f : A ª M is a morphism of left D*-modules and hence a right D-comodule morphism. Therefore we get Ž .
by Section 3.8 and
Note that this is exactly the map introduced in Theorem 2.2 for R s A ࠻ D*, T s A , and P s A. 
as f is a morphism of right A-modules by Section 3.8.
LEMMA. For e¨ery M g Mod-A the map
m¬mmx is an isomorphism of right A -modules and its in¨erse is the map
Let M g Mod-A and let s ⌰ m id . Then 
LEMMA. Assume that A is flat and that
A ªA ªMª0, where X and Y are suitable sets. By applying the functor ym D we get that the sequence 
Now it is easy to prove that, given a nonempty set X,
It is easy to prove that this diagram is commutative; moreover its vertical arrows are isomorphisms by Lemma 3.18. It follows that the sequence
is exact. Let us prove that ⌿ is an isomorphism. By applying the MmD Ž . functor ym A to the exact sequence )) we get the diagram
whose rows are exact. It is straightforward to prove that this diagram is commutative. Since ⌿ ŽY . and ⌿ Ž X . are isomorphisms we get that
is an isomorphism. By Example 3.2 and Section 3.8, :
A is flat, we get the exact sequence
so that from the commutative diagram
we get that ⌿ is injective. 
is bijective and its inverse is the map 
is the two-sided inverse of the map 
Ž . a
A ; A is a right Hopf᎐Galois extension and A is flat. 
A ; A is a right Hopf᎐Galois extension and A is faithfully flat.
w x is an equi¨alence, i.e., the strong structure theorem in the sense of 7 holds.
Ž . c The map
is an isomorphism and A is faithfully flat. 
w x is a coalgebra morphism. Therefore by Theorems 1.1 and 1.3 in 3 the
Ž . with the right D-comodule structure m s Ým m m has, as a 
